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ABSTRACT

For any integer n > 2 let m = m(n) be determined by

(-

In this note it

and

I.n 1 I \n
5) > 5 (1 - —)".

will be shown that

2" .+ (m+1)n

n

My L+ (@D <"

for almost all n. Compare the conjecture of ERDOS stated in the Amer. Math.
Monthly, Vol. 56 (1949), p.343 (Advanced Problem 4347).
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0. INTRODUCTION

In [1] ERDOS proposed the following problem: Prove that if m and n are

positive integers such that

1

(0.0) a-Hrs s a-—o°

then

(0.1) M+ 2"+ L @) < (@D®
and

(0.2) M+ 2+ L+ 0" > ()T,

Show also that

(0.3) R LU (m—l)n < mt

in infinitely many instances and that

(0.4) T L ceo * (m--l)n > mt

in infinitely many instances.

The first partial solution of this problem was recently given by the
first named author [4]. He showed by elementary means that (0.1) is true
indeed and, in a similar fashion, he also proved the related inequality

n

(0.5) RN

+oaee + (DT > (me2)"

In the meanwhile TIJDEMAN has simplified the proof of (0.1) consider-—
ably (see [4; addendum]).

In this paper we will investigate the remaining inequalities (0.2),
(0.3) and (0.4).

It will be shown that the natural density of all n for which (0.2),

resp. (0.3), is true is equal to 1, so that (0.3) certainly holds true



in infinitely many instances. However, we have not succeeded in finding
any n for which either (0.2) or (0.3) is false. Also, we have no example

in which (0.4) is true.

1. PRELIMINARIES AND THE MAIN THEOREM

In [4] it was already shown that we may assume n > 2 and that from
(0.0) it follows that for any given n the number m = m(n) is uniquely de-

termined by

(1.1 A(n) < m(n) < x(n) + 1

or, equivalently, by

(1.2) m(n) = [A(n)] + 1,

where

(1.3) A(n) = .___l:T7~ =1 + 7 1 .
1 -27/" 2" -

From (1.1), (1.3) and [4; lemma 3,3] it follows that

(1.4) m(n) > A(n) =1 + 1 s+ (2 _-L,_=1
exp(10%12) -1 log 2 2 log 2
so that
1. 0
(1.5) " log 2.

Also, by (1.1), (1.3) and [4; lemma 3.3] we have

(1.6) m(n) < 1 + A(n) = 2 + 1 <2+ n_ 1 + log 2} <
e"p(‘lg'gﬁ‘%)“ log2 2 12n
c—n_,3,log2

log 2 2 24 ¢



Since m(2) = 4 and

(1.7) 1ogn2 + % + 102g&2 < 2n, (n>3)
it follows that

1
(1.8) ey 2 7 (n22).

Moreover, from (1.4) and (1.6) it is clear that

= log 2,

. n
(1.9) 111}»2 ey

Similarly as in [4] we define

kn, (m,neN).

(1.10) om(n) = |

k

ho~18

In [5] it was shown that for all m,n ¢ N

(.11 @ gy 2l
(m+l)n+1 _ Inn~!~l m (m+])n+] _ mn+1
We now define 6 = 6(m,n) by
n n
112 o (n) - E@D @)
(m+1) -m
or, more explicitly, by
om(n) m . n+l
(1.13) §(m,n) = -m + (m+1) - {1 - (m) }
m
so that by (1.11) we have
(1.14) 0 < 6(m,n) < 1,

Since (for a proof, see [5])



2 @) + 2@ D! 2P @) M@t ))

(mﬂ)nﬂ _ mn+l (m+1)n+1 _ mn+1

(1.15) cm(n) > (m,ne N)

1
2
we even have

(1.16) < 6(m,n) < I,

1
2
Concerning the function 6(m,n) we have the following

(MAIN) THEOREM 1. If for n > 2 the number m = m(n) <s determined by (0.0)
then

(1.17) lim 6(m,n) = 2(l-log 2).

n>x

Before proving this theorem we first examine the sums om(n) somewhat
closer, By means of the Euler-Maclaurin summation formula we readily ob—
tain (see [2; p.5271)

(5]
n+l 2
_m 1l n 2r , n n-2r+l
(1.18) dm(n) Sher Tzt 2r (2r-1)
r=1
or, equivalently
&
o_(n) 2" B
m _ m 1 2r n ~2r+l
(1.19) o T 27 rZ] r (21‘—1) >

o~}

(1.20) 2 -y S22, (lz]<2m).

It is well known that for any real o # 0 (see [2; p.528])

k B
1 _1_1 2r  2r-1
(1.21) @, a 2+ _(-2_1'—)—!—0‘ +Rk(a)
e —-1 r=1
where
0‘2k+1 1 ax
(1.22) Rk(d.) = ——;&-: [ P2k+l(x) e dx



so that

- E 2r

m n, 2r—1 n
(1.23) :m_;+ (21’.'): (.1;1-) +RIC(E).

Taking k = [-‘zl] in (1.23) it follows from (1.19) and (1.23) that

1 m 1 Gm(n) m 1 1 m
(1.24) {en/m__l “a’ E} - { ot T onl 5} B en/m_l - n(n+1)
k B
3 2r  .n,2r-1 _ n(n-1)...(n-2r+2) n, _
- rZZ (2r)! @ {l 2= } *RG =
k B
_ 2r  n,2r-1 _ n
- rEZ (2r)! (m) 6n(2r 2) + Rk(m)

where 6n(') is defined by
(1.25) s(a =1--Ha-3...a-2 (ae )
° n n n m’’ :
From (1.25) it is easily seen that for any fixed a ¢ N

(1.26) limn 6§ (&) =1 +2 + ,.. + a =
n>e n

%-a(a+l).

Also, by mathematical induction, 1t is easily shown that

a
2
(1.27) (0<) Gn(a) <= (1za<n;n>2).
As a consequence we have
B B, | 2r~2
2r  ,n,2r-1 2r' ,n,2r-1 2 _
128 T @ LD iyt @7 T
_ 1 Parl anor
2n (2r)! “m >

so that, in view of (1.5),



1.29 DPor_ m 2 5§ (2r-2)| < 4 —-—-—,-lBZrI (2 log 2)%F
(1.29) (2r)! “m(n) noo,ter 2 (2o)?! o8

the right hand side of (1.29) being the general term of a convergent series
with positive terms (see (1.20) and note that log 2 < w). Hence, by a uni-
form convergence argument (or by Lebesgue's dominated convergence theorem)
we obtain

B

.k n, 2r-1 Bor
(1.30) lim Z (Zr)' @7 ' s _(2r-2) = Z o7 (log 2)
n>e r= r=2

2r-1 %(Zr—?.) (2r-1) =

= '%(108 2) z -——T(Zr 1) (2r-2) (log 2)

2 © B
1 2 d 2r 2r-1
= —(log 2) -—-——{ z T X }
2 dXZ r=2 (2r)!

x=1log 2
Now observe that (see [2; p.204])

B B
2 4
1——2-%(2x) +Z-?-(2x) -+ ...

(1.31) X cot x

from which it is easily seen that

© B .
2r 2r-1 i ix 1 X
32 L ogprx ety oo
so that
2 © B 2 .
d 2r 2r-1 d i 1X 1 X
(1.33) {Z % }=___{_ct___,,__ }=
dx2 r=2 (2r). dx2 2 2 X 12
=-_g_+.§..{_____.l________}___2__ e_x—ex
X3 dx 4(sin 1x)2 x3 (e~x/2_ex/2)4
which, for x = log 2, takes the value
a® fi ix 1 x -2
(1.34) —7{5601:-‘—2—";--1—5} = ——— 1t f,

dx



Hence, defining

B -1
(]-35) Q(n) = X (21’_‘)' m(n)) Gn(Zr—Z)
it follows from (1.24) that for m = m(n)

Om(n) 1 m p(n)
T - R

where, in view of (1.30), (1.33) and (1.34)

m e -

+ 3(log 2)2

(1.37) lim o (n) = -‘2-(1og 2)? {———'-?~—-3- + 6} = -

1
poo (log 2) log 2

As to Rk(ﬁd we have the following estimate

n, 2k+1 nx

(= ) 1 -
(1.38) R, D] < n/m — 1, Py (0 ]e™ ax.
Since
(1.39) max |P (x)] < S - (see [2; p.527])

: 2k+1 = 2k+1 ? > Pe
0<x<1 (2m)

and
(1.40) 2k+1=2[52‘-]+1;n

it follows from (1.5), (1.8) and (1.38) that

(1.41) lxk%)l < (

so that Rk(§) tends exponentially fast to zero as n - «,

As a simple consequence of (1.36), (1.37) and (1.41) we have

o (n) 1

1.42) lim mn = —— +1 =2
n>e® m e & -1

(a relation which may also be proved by much simpler means).



PROOF OF THEOREM 1, From (1.13) it follows that

o_(n) o (n)
_ m _ _ n+ly m _ _ b n+l
(].43) e(m,n) = m{ (l (1 ---_':T ) 1} + o (l (1 | }.
m m
Since
(1.46)  lim (1 +2BN0 2 & ir 1in a(a) =
n>e n n-><o

it follows from (1.9) and (1.42) that

g (n)
(1.45) lim =

n>® m

n+l 1
(1 - (1‘553' )=2-(-3) =1

so that, in order to determine lim 6(m,n), we only need to study the asymp-—
. - n->wo
totic behaviour of

o (n)
(1.46) m{ 2 (- (1 -—yo¥ly _ 1} -

m+1
m

m

] p(n) n+l -
m{(ﬁ{‘;* S - RGO - =g - 1} =

o p(n) n+l] |
—m{n(n+l) * n } {] - a —uﬁl f

+ m{(;‘;/“;‘{j‘]‘* (1 - (1—5{-1-“”) - 1} - nR D {1 - (U~ n”}.

Since Rk(g) tends exponentially fast to zero as n + « and m(n) = O(n) it
follows easily that

(1.47) lin m R &) {1 - (- +1 “”} = 0.

n->-o

Next we observe that

2
. m p(n)l _ .. m m 3
(1.48) iiz m{n(m-l) M } N iiz {n n+1) * ;-p(n)} -

1 1

1 a2
= + {— + 3 (log 2) } = 3 log 2
(log 2)2 log 2 log 2 s




so that

. m o (n) 1 .n+l 3
(1,49) ii_il _m{n(n-*-l) + o } {] - (]—m) } =""2- log 2.

Finally we have

j 1 |- en/m(l____l__ n+l
1 1 o+l m+] _
(1.50) ml(w—i- 1)1 (1 E:f) ) - lf-m o/m =
e -1 e -1
- m _ n R TR
= en/m._l {] exp(m + (n+1)log(1l m+1))}
o exp(3-+ (n+1)1og(l-——%T)) -1 1 1
=~ 72 . L — L ; . {% + (n+l)log(1‘-E:T)f
-1 (0#) E"' (nﬂ)lOg(]-t_n:-T)
so that, in view of
. n 1 _ I _
(1.51) lim {E+ (n+l)1og(l—a-:1—}-— 1og 2+ 1og-§-—0
n—>w
it follows that
; = - 1im mB L RN G
(1.52) lim (1.50) = lim m{m + (n+1)log(l — }
n->w nro
= - lim m{g - (n+1)( i] + ! 7 * OGJE))} =
o B o 2(m+1) m
= - 1lim m{E - ntl n+l } = - 1im {n—m - m(n+1)1 =
<o m m+l 2(m+1)2 e m+1 2(m+1)2f
- - -1 -1 -1 -1
= (log 2 1 5 log 2) 1 5 log 2.
Combining (1.45) through (1.52) with (1.43) it follows that
(1.53) lim 6(m,n) =1 + Q0 - %—1og 2+ (1 - %-log 2) = 2(1-log 2)

n->w

completing the proof of the theorem. [J



10
2, APPLICATIONS TO ERDOS' CONJECTURE

THEOREM 2.1. The set of all n € N for which inequality (0.2) is false has

natural density equal to zero.

THEOREM 2.2. The set of all n ¢ N for which inequality (0.3) is false has

natural density equal to zero.

Before proving these theorems we study the numbers m(n) - )(n) some-

what closer,

LEMMA 2.1, If the real sequence {oc(n)}:=l 18 uniformly distributed modulo 1
(u.d. mod 1) and <if {B(n)}::l 18 any convergent real sequence then also
{a(n) + B(n)}:=1 s u.d., mod 1.

PROOF, Exercise.

LEMMA 2.2, The (real) sequence {a(n)}:=l 28 u.d. mod 1 if and only if the
sequence {-a(n)}:=1 18 u.d. mod 1.

PROOF, Exercise.

LEMMA 2.3. The sequence {m(n) - A(n)}:=2 s untformly distributed on the
interval (0,1).

PROOF, Since m(n) ¢ N and A(n) < m(n) < A(n) + | it suffices to show that
{—A(n)}:=2 is u.d. mod 1. In view of lemma 2.2 it therefore suffices to
show that {A(n)}:=2 is u.d, mod 1,

Observing that

1 1

(2.1) @) =11 -
2l Po exp(lg%rg) -1
] n 1. oA _ . n 1
Pt gz "2t Q) Tzt 0, ()

it follows from lemma 2.1 and the irrationality of log 2 that {(A()) 9 is
n:

u.d, mod 1 (compare [3; p.92, Satz 91), proving the lemma., [J
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LEMMA 2.4. If {a(n)}:=1 s uniformly distributed on the interval (0,1) and

{“<“k)}z=1 s any convergent subsequence then the natural demsity of {n

18 equal to zero.

PROOF, Exercise.

k}k=1

PROOF OF THEOREM 2.1, If (0.2) is false for only finitely many n ¢ N then

we are done. Therefore, we assume (0.2)

For these n we have
(2.2) 1M+ 2%+ ...+ <
or, equivalently,
(2.3)

o_(n) < (@)™,

Hence, writing 6 instead of 6(m,n),

n" (m+1) H(m+6)

(2.4) __<_=(m+1)n
(m+l)n+l_”mp+l

so that

(2.5) n(w+e) < (@D - oot

or, equivalently,

(2.6) 2+ & o+ Lyntl
m = m

which may be rewritten as

(2.7) R s ml
(2+;n-) n -1

From this it follows that

to be false for infinitely many n.
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(2.8) 0 <
< -1

= -1

= -1

= -1

= -1

In view o
(2,9) lim
n—)-OO

m(n) - A(n) = -1 + m(n) - 7a <
2 -1
+ 1 - ! =
2+ /el ey
m
1 1
+ ; 5 - : =
exp(— log(2+7)) = 1 exp(g log 2) - I
n + 1 1 1 n 1 1
b o) b o)
10g(2-¥§0 2 n log 2 2 n
m
1 { 1 1 1
+ +n - + 0(=) =
6. 8. log 2} n
log(2 +2) log(2+-)
0
1 n log(l Y i
+ 6 - e + O(E).
log(2 +E) log 2 log(2 +E)
f theorem 1 we have
on
n log(1 +-§0 = lim log(l + gg)n = log exp lim — =
2m n 2m
N> >
. 6n
= lim — = (l-log 2)-log 2

2m

n->w

so that, if n rums through those positive integers for which (0.2) is

false, we have

(2.10)

0=

1
log 2

_ (1-log 2)log 2 -

lim sup{m(n) - X(n)} < -1 + 2
(log 2)

n->e

0

from which it is clear that

(2,11)

n->w

lim{m(n) - A(n)} = O,

where n is such that (0.2) is false.

From this

n for which (0

the proof of theorem 2.1,

and lemmas (2.3) and (2.4) it follows that the set of all

.2) is false, has natural density equal to zero, completing

O
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PROOF OF THEOREM 2.2. Suppose that (0.3) is false for infinitely many n ¢ N,

For these n we have

(2.12) 1+ 2™ L+ (m-~1)n;mn

or, equivalently
n
(2.13) omrl(n) >m .

Writing 6 instead of 6(m~1,n) we have in view of (1.12) that

(2.14) (@-D%@-1+6) > o™ = (@-1)7"!
which may be rewritten as
1
L] l + °
(2.15) m 2 (2+ 9 )(l/n+l) -
m—1

It follows that

1 1
(2.16) 1 >m(n)-x(n);1+(2+~L)(l/n+l)_]—(1+_ﬁ.n—__).—.
m~1

) (2+Eg_l_)(1/n+1) _ . Jim

and similarly as in the proof of theorem 2.1 it follows that

(2.17) lim{m(n) - A(n)} = 1

n->«

where n is such that (0.3) is false. Again, utilizing lemmas (2.3) and (2.4)

this completes the proof of theorem 2.2, [

FINAL REMARK. In a forthcoming paper the first named author will demonstrate

how the technique of this paper may be applied to the diophantine equation

R L N ¢ T
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or, more generally, to
n
17+ 2+ .0 + M =G (M+1)

where G 1s any given positive rational number.
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